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Q ■ 1 Introduction 

i> : 

(N , Quillen's higher algebraic if-theory for fields F has been the object of intense 

' study since its introduction in 1972 [32j . The main direction of research has 

^ ■ been the construction of "descent spectral sequences" whose £'2-term involved 

\ the cohomology of the absolute Galois group Gf with coefficients in the algebraic 

• ■ i^-theory of an algebraically closed field. The form of such a spectral sequence 

'•pi \ was conjectured in [M] and [H], but it was soon realized that it could not be 

. expected to converge to algebraic /C-theory exactly. However, it appeared likely 

^ I that it could converge to algebraic ii'-groups in sufficiently high dimensions, i.e. 

'— ' . in dimensions greater than the cohomological dimension oiGp. This observation 

^ I was formalized into the Quillen-Lichtenbaum conjecture. This conjecture has 

^ . attracted a great deal of attention. Over the years, a number of special cases 

\Q \ [H] , [IH] have been treated, and partial progress has been made [TU] ■ Voevodsky 

CN . in [47] proved results which led to the verification of the conjecture at p = 2. 

22 \ More recent work of V. Voevodsky appears to have resolved this long standing 

. conjecture at odd primes as well. Moreover, it also appears to resolve the 

' Beilinson-Lichtenbaum conjecture about the form of a spectral sequence which 

"J . converges exactly to the algebraic if-theory of F. 

I The existence of this spectral sequence does not, however, provide a homotopy 

^> ■ theoretic model for the algebraic i^-theory spectrum of the field F. It is the 

\ goal of this paper to propose such a homotopy theoretic model, and to verify 

i it in some cases. We will construct a model which depends only on the com- 

' plex representation theory (or twisted versions, when the roots of unity are not 



present in F) of Gfi without any other explicit arithmetic information about 
the field F, and is therefore contravariantly functorial in Gp. It is understood 
in algebraic topology that explicit space level models for spaces and spectra are 
generally preferable to strictly algebraic calculations of homotopy groups for the 
spaces. Knowledge of homotopy groups alone does not allow one to understand 
the behavior of various constructions and maps of spectra in the explicit way. In 
this case, there are specific reasons why one would find such a model desirable. 

• It appears likely that one could begin to understand finite descent prob- 
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lems, since the behavior of restriction and induction maps for subgroups 
of finite index is relatively well understood. 

• It appears that the Milnor /C-groups should be identified with the ho- 
motopy groups of the so-called derived completion of the complex repre- 
sentation ring oi Gp- This would relate an explicitly arithmetic invari- 
ant (Milnor if-theory) with an explicitly group-theoretic invariant coming 
out of the representation theory. The Bloch-Kato conjecture provides one 
such connection, relating Milnor i^-theory with Galois cohomology. These 
ideas provide another one, arising out of the representation theory of the 
group rather than from cohomology. 

• It is well understood that representation theory of Galois groups plays a 
key role in many problems in number theory. This construction provides 
another explicit link between representation theory and arithmetic in fields 
which it would be very interesting to explore. 



The idea of the construction is as follows. We assume for simplicity that F 
contains an algebraically closed subfield. A more involved and more general 
version of the construction is discussed in the body of the paper. Let F be a 
field, with separable closure F, and define the category of descent data for the 
extension F C F (denoted by V'^{Fj) to have objects the finite dimensional 
F-vector spaces V with Gii^-action satisfying 7(/w) = ~P l{v), with equivariant 
F-linear isomorphisms. It is standard descent theory [ITj that this category 
is equivalent to the category of finite dimensional F-vector spaces. On the 
other hand, let ReppiGp] denote the category of finite dimensional continuous 
representations of the profinite group Gp- There is a canonical homomorphism 
from RepplGp] to V'^{F) obtained by applying F ® — and extending the action 

via the Galois action of Gp on F. We then have the composite 

Af : KRepkiGp] — > KRepFiGp] — > K^(F) 

This map is of course very far from being an equivalence, since ■n^tKRepklGp] 
is isomorphic to R[Gf\, a non-finitely generated abelian group, and ttqKF = Z. 
However, we observe that both spectra are commutative S-algebras in the sense 
of |13Jj and further that the map Ap is a, homomorphism of commutative S- 
algebras. We describe in this paper a derived version of completion, which 
is applicable to any homomorphism of commutative S'-algebras. For such a 
homomorphism f : A ^ B, we denote this derived completion by Ag. We also 
let Hp denote the mod-p Eilenberg-MacLane spectrum. Hp is also a commutatve 
iS-algebra, and we have an evident commutative diagram of commutative S- 
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algebras 



id 



The vertical maps are induced by forgetful functors which forget the vector 
space structure and only retain the dimension mod p. The completion con- 
struction is natural for such commutative squares, and we obtain a map of 
spectra apiv) ■ KRepklGp]^^ — > ^^mp- ^^^^ refer to apip) as the "repre- 
sentational assembly (at p)". In this paper, we make this construction precise, 
and then study it, with the following results. 

• We prove that a p (p) is an equivalence for fields of characteristic prime top 
containing a separably closed subfield with topologically finitely generated 
abelian absolute Galois group. This would include, for example, iterated 
power series fields k{{xi)){{x2)) ■ ■ ■ {{xn))- We regard this as a "proof of 
concept" , in that it shows that the map is highly non-trivial. For example, 
this result can be extended to prove that for all fields of characteristic 
prime to p containing a separably closed subfield, apip) is surjective on 

TTl. 

• We discuss how generally one would expect ap{p) to be an equivalence. 
Although we have no counterexamples, we suspect that for non-abelian 
absolute Galois groups, the statement above is inadequate and we would 
expect instead an equivariant form, involving the derived completions of 
Green functors, to be correct construction. We discuss some supporting 
evidence that this should be the case. 

• We discuss twisted versions, i.e. versions of ap{p) which can be con- 
structed when there is no separably closed subfield. This can even include 
situations where the roots of unity are not in the ground field. The case 
for field of positive characteristic is particularly nice, where there is a very 
clean statement involving the 7^-theory of twisted group rings. In this 
context, the corresponding conjecture for the case of a power series field 
over a finite field has been proved by G. Lyo in [23] . 

• We construct a possible geometric model for the derived representation 
theory, separate from the fc-theory of the field. For non-abelian profinite 
groups, the representation rings are complicated non-Noetherian rings, 
and evaluating derived completions is a daunting task. For this reason, 
it appears sensible to approach the computation indirectly, by comparing 
it to a more geometric object. One such object is deformation K-theory, 
a construction on discrete groups which builds a version of equivariant 
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ii'-theory which takes into account the presence of continuous families of 
deformations of representations. T. Lawson in [20] has proved that for 
a finitely generated nilpotent group F, the derived representation theory 
of the pro-p completion of T is equivalent to the p-adic completion of 
its deformation if -theory. This suggests strongly that approaches related 
to deformation iiT-theory may very well be useful models for the derived 
representation theory. 

In future work, we plan to study various indirect methods for evaluation of the 
derived representation theory, including some which are particularly well suited 
for comparisons with the motivic methods. We ultimately hope to be able to 
show, using these methods, that the homotopy groups of the derived completion 
at p of the representation ring of the separable Galois group (regarded as a ring 
spectrum via the Eilenberg-MacLane construction) will be identified with p- 
completed Milnor if-theory, via an explicit homomorphism. We also expect that 
these methods will increase our geometric understanding of this construction, 
which will take us in the direction of proving the conjecture as stated. We 
also hope to formulate a conjecture which applies to all fields, even fields of 
characteristic zero where the roots of unity are not present in the ground field. 

The ultimate hope is that the clarification of the relationship between arithmeti- 
cally defined descriptions of algebraic if-theory, such as the motivic spectral 
sequence, with descriptions which involve the Galois group and its representa- 
tion theory directly, will shed more light on arithmetic and algebraic geometric 
questions. 

The author wishes to express his thanks to a number of mathematicians for 
useful conversations, including D. Bump, R. Cohen, W. Dwyer, A. Elmendorf, E. 
Friedlander, L. Hesselholt, M. Hopkins, W.C. Hsiang, J.F. Jardine, M. Levine, 
J. Li, I. Madsen, M.Mandell, J. P. May, H. Miller, J. Morava, F. Morel, K. Rubin, 
C. SchlichtkruU, V. Snaith, R. Thomason, R. Vakil, and C. Weibel. 



2 Preliminaries 

We assume the reader to be familiar with the category of spectra, as developed 
in [12 and [13] or [TH]. In either of these references, the category of spectra 
is shown to possess a coherently commutative and associative monoidal struc- 
ture, called the smash product. Of course, on the level of homotopy categories, 
this monoidal structure is the usual smash product. The presence of such a 
monoidal structure makes it possible to define ring spectra as monoid objects 
in Spectra. It is also possible to define the notion of a commutative ring spec- 
trum, with appropriate higher homotopies encoding the commutativity as well 
as associativity and distributivity. In line with the terminology of [13], we will 
refer to these objects as S-algebras and commutative S'-algebras, respectively. 
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For the relationship with earher notions of A^o and Eao ring spectra, see [T3] . 
These same references will also introduce notions we will make use of, such as 
the Universal coefficient and the Kiinneth spectral sequences. See [S], section 
2.1, for a discussion of the relevant notions as they will be used in the present 
paper. 

We also remind the reader of the construction by Bousfield-Kan of the ^-completion 
of a space (simplicial set) at a prime I, denoted by Xf". Bousfield and Kan con- 
struct a functorial cosimplicial space TiX, and define the /-completion of X to 
be Tot{Ti). This construction gives rise to a functorial notion of completion at a 
prime I. It extends in a straightforward way to spectra by applying completion 
at I levelwise. It is extended further in [8] to the notion of completion of a mod- 
ule M over a commutative S'-algebra A at a, commutative A-algebra B, denoted 
M^. The Bousfield-Kan construction is the special case of this construction 
where A is the sphere spectrum and B is the mod-/ Eilenberg-MacLane spec- 
trum. A number of properties of this construction are established in [S]. We 
will use them extensively. We will use the special case of a group ring at one 
point in the paper. The relevant results are the following. 

Proposition 2.1 Suppose that we have a homomorphism tp : G. H. of 
abelian simplicial groups, so that B(p induces an isomorphism on mod-p ho- 
mology groups. Then the evident homomorphism of commutative S-algebras 
\A[GM ^ \A[H.]\ ^ is a weak equivalence of S-algebras, where Hp is an alge- 
bra over the group ring via augmentation. 

Proof: It follows immediately from 12.21 below and the Atiyah-Hirzebruch spec- 
tral sequence that the map of cosimplicial spectra induced by </? is a levelwise 
equivalence, since in this case the graded algebras 

ttJB a B a • •• a S) 

A A A 

are Fp-vector spaces. It is standard that levelwise equivalences of cosimplicial 
spectra induce equivalences of total spectra. □ 

Proposition 2.2 Suppose that we are given a commutative S-algebra A and an 
abelian simplicial group G., and a homomorphism A ^ B of commutative S- 
algebras. Suppose further that i : G. E. is an inclusion of simplicial groups, 
and that E. is contractible. Then the commutative S-algebra 

B A B A ■■■ /\ B 

\A[G.]\ \A[G.]\ \A[G.]\ 
\.^^^^^^^^^^^^^^_^^^^^^^^^^^^^^^^_^ 

k factors 

is equivalent to the commutative S-algebra 
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\B AB A ■■■ AB[E''./G''-\]\ 

" V ' 

k factors 

where G'^~^. is included in E^. via the homomorphism {gi,. . . , gk-i) (^(ffi), ^(52)— 
«(5i).«(53) - ^(52), • ■ . ,j(gfc-i) - i{gk-2),i{gk-i))- Note that the quotient group 
is a model for BG^^^ .. 



Proof: Immediate from the definitions. □ 

We refer the reader to [32] for resuhs concerning X-theory spectra, notably the 
locahzation, devissage, and reduction by resolution theorems. These theorems 
apply equally well to the completed versions KA^, where I is a prime. We will 
also recall Suslin's theorem about the iiT-theory of an algebraically closed field 



Theorem 2.3 Let k F be an inclusion of algebraically closed fields of char- 
acteristic p ^ I (p may be 0). The the natural map Kk KF induces an 
equivalence Kk^ KFf' . In fact, the proof shows that the map of pro-spectra 
Kk^ KFf" is a weak equivalence in the sense that it induces an isomorphism 
of homotopy pro-groups. 



An important method for constructing spectra from combinatorial data is via 
infinite loop space machines (see ^26) or (37.). which are functors from the cat- 
egory of symmetric monoidal categories to spectra. The algebraic if-theory 
functor is a prime example of this construction, since it can obtained by apply- 
ing an infinite loop space machine to the symmetric monoidal category of finitely 
generated projective modules over a ring. When the symmetric monoidal cat- 
egory has a coherently associative and distributive second monoidal structure, 
such as tensor product of modules, the spectrum constructed by an infinite 
loop space machine will have the structure of an ^-algebra. If in addition the 
second monoidal structure is coherently commutative, the spectrum will be a 
commutative iS-algebra. Sec llj for these results. Since the tensor product of 
finitely generated projective modules over a commutative ring R is coherently 
commutative, we have 

Proposition 2.4 For any commutative ring A, the spectrum KA is equipped 
with a commutative S-algebra structure in a canonical way. The S-algebra struc- 
ture is functorial for homomorphisms of commutative rings. 

We also recall the ideas of equivariant stable homotopy theory. See for example 
|16| or U for information about this theory. In summary, for a finite group G, 
there is a complete theory of G-equivariant spectra which includes suspension 
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maps for one-point compactifications of all orthogonal representations of G. The 
proper analogue of homotopy groups takes its values in the abelian category 
of Mackey functors, which is a suitably defined category of diagrams over a 
category whose objects are finite G-sets, and whose morphisms include maps 
of G-sets, and also transfer maps attached to orbit projections. The category 
of Mackey functors admits a coherently commutative and associative tensor 
product, which is denoted by □. Consequently, by analogy with the theory 
of rings, we define a Green functor to be a monoid object in the category of 
Mackey functors. The theory of ring functors has analogues for most of the 
standard theorems and constructions of ring theory. In particular, it is possible 
to define ideals, modules, completions, tensor products of modules over a Green 
functor R, and modules HomR{M,N) for any Green functor and modules M 
and N over R. The category of modules over a Green functor also has enough 
projectives, so homological algebra can be carried out in this category. It is also 
easy to verify that by passing to direct limits, it is possible to directly extend 
the ideas about Mackey and Green functors to profinite groups. See [3] for 
background material about Mackey and Green functors. 

As mentioned above, the Mackey functor valued analogue of homotopy groups 
plays the same role for equivariant spectra that ordinary homotopy groups play 
for spectra. For example, it is shown in [21J that there exist Eilenberg-MacLane 
spectra attached to every Mackey functor. Moreover, a theory of ring and 
module spectra in the equivariant category has been developed by May and 
Mandell [21] and [5S] in such a way that the Mackey-functor valued homotopy 
group becomes a Green functor in an evident way, and that the usual spectral 
sequences (Kiinneth and Universal coefBcient) hold for modules in this category. 



3 Categories of descent data 

Let A be any commutative ring, equipped with a group action by a profinite 
group G. We assume that the action of G is continuous, in the sense that the 
stabilizer of any element of A is an open and closed subgroup of finite index in 
G. 

Definition 3.1 By a linear descent datum for the pair {G,A), we will mean 
a finitely generated A-vector space M , together with a continuous action of G 
on M so that g{am) = g{m) for all g € G, a € A, and m G M. We 
define two categories of linear descent data, V'^{A) and V{G,A). The objects 
of V'^{A) are all linear descent data for the pair {G,A), and the morphisms 
are all equivariant A-linear morphisms. The objects ofV{G,A) are also all 
linear descent data for {G,A), but the morphisms are all A-linear morphisms 
(without any equivariance requirements) . The group G acts continuously on the 
category V{G,A), by conjugation of maps (so the action is trivial on objects), 
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and the fixed point subcategory is clearly V^{A). Note that both categories are 
symmetric monoidal categories under direct sum. 

We note that (8) provides a coherently associative and commutative monoidal 

A 

structm-e on V{G,A) and V^iA). 

Definition 3.2 We define the spectra K^{A) and K{G,A) to be the spectra 
obtained by applying an infinite loop space machine (J 261/ or I37j ) to the symmet- 
ric monoidal categories of isomorphisms ofV'^{A) and V{G,A), respectively. 
K{G,A) is a spectrum with G-action, with fixed point spectrum K'^{A). The 
tensor product described above makes each of these spectra into commutative 
S-algebras using the results of fllf . 

There are various functors relating these categories (and therefore their K- 
theory spectra). We have the fixed point functor 

i-f : V^iA) — ^ V^^^A^) = A^- mod 

defined on objects by M M'^ . We also have the induction functor 

A ® - -.A^ - mod ^ y{*=>M^) — > V^iA) 

AG 

given on objects M ^ A ® M. The following is a standard result in descent 

AG 

theory. See [T7] for details. 

Proposition 3.3 Let F be a field, and suppose that we are given a continuous 
action of a profinite group G on F, so that F'^ ^ F is a Galois extension with 
Galois group G. Suppose further that G is in fact the inverse limit of groups 
of order prime to the characteristic of F. Then both (— and F (E) — are 

pG 

equivalences of categories. 

Proof: This is standard in the case when G is finite, and follows by a direct 
limit argument in the profinite group case. □ 

We have an analogue of this result when A is not a field. We will write { A)proj 
for the full subcategory of V'^{A) on the modules which are finitely generated 
projective as modules over A. 

Proposition 3.4 Suppose that A is an infinite Galois extension of a ring Aq C 
A, in the sense of f^, and suppose that A is a union of finite Galois extensions. 
The group T of automorphisms of A over Aq is a profinite group, is equipped 
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with a continuous action on A, and we have Aq = A^ . Suppose further that 
Aq contains a field k, and that no subgroup of T admits a continuous homo- 
morphism to the group Z/pZ, where p is the characteristic of k. Of course, 
this condition is vacuous if char(k) = 0. Then the restriction of the functor 
(— : {A) — > — mod to the subcategory {A)proj factors through the 
category Proj{A^) of finitely generated projective modules over A^ , and the 
restriction is an equivalence of categories. 

Proof: This is direct from Theorem 1.1, Ch. Ill of [9J, and follows from a direct 
limit argument in the general case. □ 

We also have 

Proposition 3.5 Let F be a field. The category I^(G, F) is canonically equiv- 
alent to the category Vect{F) of finitely generated vector spaces over F. 

Proof: The definition of the morphisms has no dependence on the group action, 
and the result follows immediately. □ 

Remark: Note that when the group action is trivial, i.e. G acts by the iden- 
tity, and A is a field, then the category V'^{F) is just the category of finite 
dimensional continuous i^-linear representations of G. 

Definition 3.6 In the case when the G-action is trivial, and A is a field F, we 
will also write ReppiG] for V'^{F). 

Proposition 3.7 The functor 

F (gi - 

RepFo[G]^V^{F^) ^ V^{F) = Vi'^F^)^Vect{F^) 

respects the tensor product structure, and K{F^) becomes an algebra over the 
S -algebra KReppG[G]. 



4 An example 

Let k denote an algebraically closed field of characteristic 0, let k[[x]] denote 
its ring of formal power series, and let F = k{{x)) denote the field of fractions 
of In this section, we wish to show that the representation theory of its 

absolute Galois group can be used to create a model for the spectrum Kk{{x)). 

The field F contains the subring A = k[[x\] of actual power series, and is ob- 
tained from it by inverting x. We begin by analyzing the spectrum KF . It 
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follows from the localization sequence (see [31]) that we have a fibration se- 
quence of spectra 

Kk — > KA — > KF. 

Further, the ring A is a Henselian local ring with residue class field k. It follows 
from a theorem of O. Gabber (see TIJ) that the map of spectra KA Kk 
induces an isomorphism on homotopy groups with finite coefficients, and conse- 
quently an equivalence on Z-adic completions KA"^ — > Kki . The fiber sequence 
above now becomes, up to homotopy equivalence, a fiber sequence 

Kk^ Kk^ — > KF^. 

All three spectra in this sequence become module spectra over the commutative 
S'-algebra Kki , and the sequence consists of maps which are Kki -module maps. 
Since the inclusion of rings k ^ F induces an isomorphism ii^Kk^ = ttqKF^ = 
Z;, we find that the map TTo{i) : Trpiffcf ttqKA'^ is the zero map. Since the 
module ■n^Kk'^ is cyclic over the ring n^Kk^, this means that the inclusion 
induces the zero map on all homotopy groups. The conclusion is that as a 
7r*iffcf -module, 

where the second summand is topologicaly generated by the unit x viewed as 
an element of Ki{F). In fact, the algebra structure is also determined, since 
the square of the one dimensional generator is zero. Therefore the homotopy 
gropus are given by 

Az,[.](C) 

where A denotes the Grassmann algebra functor, where the polynomial gener- 
ator X is in dimension 2, and where the exterior generator ^ is in dimension 
1. 

The following result is proved in [IS]. It is derived from the fact that the 
algebraic closure of k{{x)) is the field of Puiseux series^ i.e. the union of the 
fields k{{x^)). 

Proposition 4.1 The absolute Galois group G of k((x)) is the group Z, the 
profinite completion of the group of integers. 



Let F denote the field k{{x)), and let E denote k{{x)). We have observed in 
13.71 that the spectrum KF, which is equivalent to K'^{E), becomes an algebra 
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spectrum over the 5-algcbra KRepp[G] = K'^F. We wish to explore the nature 
of this algebra structure, and to use the derived completion to demonstrate that 
the algebraic if-theory of F can be constructed directly from the representation 
theory of G over an algebraically closed field, e.g. C. 

We have the map of S'-algebras KRepF[G] K'^{E) ^ KF, induced by the 
functor 

idE®-: V^{F) — > V^{E). 

F 

We may compose this map with the canonical map KRepk\G\ 
obtain a map of ^-algebras 

a : KRepk[Cf\ K°{E). 
We note that as it stands this map doesn't seem to carry much structure. 

Proposition 4.2 Tr^if i?epfc[G] = R[G\ ® kui,, where R[G] denotes the complex 
representation ring. (The complex representation ring of a profinite group is 
defined to be the direct limit of the representation rings of its finite quotients.) 

Proof: Since k is algebraically closed of characteristic zero, the representation 
theory of G over k is identical to that over C. This shows that TroKRepk[G] = 
R[G]. In the category Repk[G], every object has a unique decomposition into 
irreducibles, each of which has C as its endomorphism ring. The result follows 
directly. □ 

For the rest of this section, we will adopt the notational convention that all 
JC-theory spectra and groups arc Z-adically completed, where / is a prime. So, 
when we write KF, it will denote the spectrum {KF)^', and will denote 
'iT*{{KF)i^). We will occasionally include the completion notation for emphasis, 
but not generally. 

We also know from the above discussion that -fC^F = K^,k (B K^,-ik. It is now 
easy to check that the map KRepk[G\ K^E = KF induces the composite 

R[G] O K^k '-^ K^k ^ K^k ® K^_ik ^ K^F 

which docs not appear to carry much information about KF. However, we 
may use the derived completion as follows. As usual, let H; denote the mod- 
l Eilenberg-MacLane spectrum. We now have a commutative diagram of S- 
algebras 



KRepF[G\ to 
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e e 
H; H/ 

where e in both cases denotes the augmentation map which sends any vector 
space or representation to its dimension mod I. The naturahty properties of the 
derived completion construction yield a map 

which we refer to as the representational assembly map for F. The rightmost 
equivalence is induced by the functor which carries an object in V'-^{E) to its 
G-fixed point subspace. The goal of this section is to show that despite the fact 
that 6i carries little information about K<,F, apij) is an equivalence of spectra. 

Proposition 4.3 KF^^ is equivalent to the l-adic completion of KF. 

Proof: We note that the i4ri?epi;[G]-module structure on KF extends over the 
augmentation, i.e. there is a commutative diagram 

KRepk[G] A KF >- KF 

ef\id id 

Kk A KF KF 

where the horizontal maps are the structure maps for the module structures. 
Letting A — KRep[G] and B — Kk, we write KFa and KFb for KF regarded 
as A and B module spectra, respectively. We obtain a natural map 

{KFaU ^ {KFbU 

which is an equivalence by Proposition 3.2 (6) of [5]. Next, let KFs denote 
KF regarded as a module spectrum over the sphere spectrum S*". Then we 
similarly obtain a natural map (^^^5)11, — > {KFB)mn which is an equivalence. 
But, example 8.2 of [8] shows that {KFs)ai is equivalent to the Bousfield-Kan 
/-adic completion of KF. □ 

It remains to determine the structure of Tr^KRepk[G]^^. 
Proposition 4.4 There is an equivalence of spectra 
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In particular the homotopy groups are given by iTiKRephlG]^^ = Z( for all i > 0, 
and T:iKRepk[G]^^ = otherwise. 

Proof: We first show that the S'-algebra KRepk [G] may be identified with the 
group ring KklxC^i)] = Kk\Z,/l°°'L], where x(^i) denotes the group of complex 
characters of Z;, and 'L/l°°'L denotes the union 1J^Z//"Z. We observe that 
because k is algebraically closed of characteristic zero, the irreducible represen- 
tations are in bijective correspondence with the characters of Z;. We let C[x(Z;)] 
denote the category whose objects are finite sets X equipped with a function 
ipx '■ X —f x(^i); ^'^d whose morphisms are set isomorphisms respecting the 
character valued functions. C[x(Z;)] admits a notion of sum (disjoint union) and 
of product (the product of objects {X, (fx) and (F, (py) is the set XxY equipped 
with the function (pxxY defined by (px-KY{x,y) = (pxix)ipYiy))- There is an 
evident functor from C[x(Zi)] to Repk[^i], which carries disjoint unions to di- 
rect sums and products to tensor products, and which sends an object {X, ipx) 
in C[x(Zi)] to the free fc-vector space on the set X, with the representation on 
each element x & X specified by the character (px (x) . Consequently, using the 
results of we obtain a homomorphism of commutative S'-algebras 

S[x{Zi)]^KRepk[Zi]. 

Since K Repk[^i] is an algebra over the commutative S'-algebra Kk, we obtain 
a homomorphism iffc[x(Z;)] KRepk[^i], which is readily verified to be an 
equivalence of spectra. 

There is further a homomorphism x(^0 ^ S^., where S^.. denotes the singular 
complex of the circle group, and where the homomorphism is induced by the 
inclusion of topological groups 

x(zo = Z/?°°Z s\ 

as the group of Z-power torsion points. The map of classifying spaces induces 
isomorphisms on mod-/ homology groups, and consequently bv l2.1l a weak equiv- 
alence on derived completions. □ 

We have now shown that the derived completion KRepk[G]^ has the same 
homotopy groups as the iiT-theory spectrum KF. We must now show that 
the representational assembly induces an isomorphism on homotopy groups. 
We recall the localization sequence [32] which allows us to compute K^,{F). 
Consider the category M — Mod{k[[x\]) of finitely generated modules over 
A;[[a:]]. Let T CIV denote the full subcategory of a;-torsion modules. Then the 
category Vect{F) may be identified with the quotient abelian category M. /T, 
and we have the usual localization sequence 

KT ^KM^KV/T 
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which is identified with the fiber sequence 

Kk -> Kk[[x]] -> KF. 

We now observe that there is a twisted version of this construction. Let Oe 
denote the integral closure of fc[[a;]] in E. Oe is closed under the action of 
the group G. We now define to be the category whose objects are finitely 
generated Oe modules equipped with a G-action so that g{em) — e^girn). 
Further, let T*^ denote the full subcategory of torsion modules. 

Proposition 4.5 The quotient ahelian category /T'^ can he identified with 
the category of linear descent data V'~^{E). 

Proof: Straightforward along the lines of Swan's proof in [44^ that M./T = 
VectF. ^ □ 

Corollary 4.6 There is up to homotopy a fiber sequence of spectra 

KT^ — > K£^ — > K^{E) ^ KF. 

We note that for each of the categories T*^, and V'^{E), objects may be 
tensored with finite dimensional fc-linear representations of G to give new objects 
in the category. This construction has sufficient coherence so that the results 
of [11] imply that that each of the i^-theory spectra are module spectra over 
KRepk[G], and that the maps between them are morphisms of module spectra. 

Lemma 4.7 The homotopy fiber sequence of \4-6] is a homotopy fiber sequence 
of K Repk[G]-module spectra. 

Derived completion at H; preserves fiber sequences of module spectra ([8], 
Proposition 3.2 (3)), so we have a homotopy fiber sequence 

(KT^)^^ — > (KS^)^^ ^ (K'^iE))^^ - KF 
The last equivalence is 14.31 We will now show that 

. iK£G)^^^KRep,[G]^^. 
The result will follow immediately. 
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Proposition 4.8 {KT'^)^^ ~ *. 

Proof: Let denote the subcategory of finitely generated torsion fc[[i"]]- 
modules M equipped with G-action so that g{fm) = f^g{m) for g e G, / e 
A;[[tn]], and m € M. We have obvious functors 



= km] 



whenever n divides fc, and an equivalence of categories 



A straightforward dcvissagc argument now shows that the inclusion of the full 
subcategory of objects of on which x~ acts by induces an equivalence 
on ii'-theory spectra. It follows that K^T^ = R[G\ (g) K^k, and moreover that 
KT^ ~ KRepk[G\ as module spectra over KRepk[G\. Wc will now need to 
analyze the map of /sT-theory spectra induced by the functors r^. Recall that 
R[G\ ^ Z[Q/Z]. For all positive inte gers n and s, let Vn,s denote the element in 

R[G\ corresponding to the element S [i/ns] € Z[Q/Zl. We claim that we have 

i=0 

a commutative diagram 



R[G\ i^K^k 



That wc have such a diagram is reduced to a ttq calculation, since the diagram 
consists of R[G] (E) if*/c-modules which are obtained by extension of scalars from 
R[G] Kok. It therefore suffices to check the commuting of this diagram on the 
element 1 G K^,T^. But 1 under t^" clearly goes to the module /c[[a;^^]]/(a;" ). 
It is easily verified that as an element in the representation ring, this element is 



We are now ready to describe H; A iiTT^. Since smash products commute 

KReplG] 

with filtering colimits, we see that 



I, A KT^ 

KReplG] 



Urn Ml A KT}- 

KRep[G] 
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But since i^*7Ip is a free R\G] (g) K^k-modnle of rank 1, H; A KTS^ = H;. 

KRep[G] 

It is readily checked that the induced map 

KRep[G] 

is multiphcation by s on 7r,H(. It now clearly follows that tt^H; A iiTT*^ = 

KRep[G] 

0, and consequently that 

TT* H/ A • • • A A KT'^ = 

KRep[G] KReplG] KRep[G] 

v ' 

k factors 

for all k. It now follows directly from the definition of the completion, together 
with the fact that the total spectrum of a cosimplicial spectrum which is level- 
wise contractible is itself contractible, that {KT'^)^^ ~ *. □ 

Corollary 4.9 The map {K£'~^)^^ — > {K'^ (E))^^ is a weak equivalence of spec- 
tra. 

Proof: Completion preserves fibration sequences of spectra. □ 

We next analyze if^f in low degrees. Let N' be the partially ordered set 
of positive integers, where m < n if and only if m\n. We define a directed 
system of i?[G] -modules {A„}„>o parametrized by N' by setting A„ = R[G], 
and where whenever m|n, we define the bonding map from Am to A„ to be 
multiplication by the element Vm.^- We let QR[G] denote the colimit of this 
module. It follows from the proof of |4J] that X^T*^ = QR[G] (g) K^k. In 
particular, K^T^ = in odd degrees. On the other hand, we know that K^F = 
Z; in odd degrees, but that the elements in odd degree map injectively under 
the connecting homomorphism in the localization sequence. Consequently, we 
have 

Proposition 4.10 K^£'~^ = in odd degrees. In particular, KxE'^ = 0. 
Proposition 4.11 K^S^ = R[G]. 

Proof: Objects of are the same thing as modules over the twisted group 
ring O E (G) , and a devissage argument shows that the inclusion 

Proj{OE{G)) ^ Mod{OE{G)) 
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induces an isomorphism, so that we may prove the corresponding result for 
finitely generated projective modules over Oe{G). Note that we have a ring 
homomorphism 



vr : Oe{G) k[G] 

given by sending all the elements X" to zero. Oe{G) is complete in the I- 
adic topology, where / is the kernel of tt. As in [44j, isomorphism classes of 
projective modules over Oe{G) are now in bijective correspondence via tt with 
the isomorphism classes of projective modules over fc[G], which gives the result. 
□ 



Remark 4.1 There should be a better proof of this result, proceeding via a non- 
commutative version of the results of O. Gabber [14 . That is, one should prove 
directly that the reduction map Oe{G) — > k[G] is an equivalence by proving 
that it is sufficiently "Hcnsclian" . It seems quite likely that such a proof could 
be made to work, which would mean that the proof would not require as input 
any computational information about the field in question. 

Corollary 4.12 The functor Oe 'E) — : Repk[G] induces a weak equiv- 

k 

alence on spectra. Consequently, the map KRepk[G]^^ {K£^)^^ is a weak 
equivalence. 

Proof: 14.101 and 14.111 identify the homotopy groups of K£'~^ in degrees and 
1. From the localization sequence above, together with the fact that multi- 
plication by the Bott element induces isomorphisms KiT'^ — > Ki+2T'^ and 
KiF —f Ki+2F, it follows that it also induces an isomorphism Ki£^ Ki+2£'^ ■ 
So, the map of the statement of the corollary induces an isomorphism on homo- 
topy groups, which is the required result. □ 

Theorem 4.13 The map aFil) ■ KRepk[G]^^ K^{E)^^ ^ KF^^ is a weak 
equivalence of spectra. 

Proof: q;f(0 is the composite of the maps of Corollarv l4.9l and Corollarv l4.12l 
both of which we have shown are weak equivalences. □ 



5 The case of an abelian absolute Galois group 

We again adopt the convention that all if -theory spectra are assumed to be l- 
completed, and that if-groups are interpreted as homotopy groups of /-completed 
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-fT-theory spectra. We will now show how to extend the result of the previ- 
ous section to the case of geometric fields (i.e. containing and algebraicaUy 
closed subfield) F of characteristic zero with Gf a free pro-Z abehan group. Let 
F be geometric, and let fc C F denote an algebraically closed subfield. Let 
A = k\t^^ ,t^^ , . . . t^^]. We let B denote the ring obtained by adjoining all p-th 
power roots of unity of the variables ti to A, so 

s 

We choose a sequence of elements C„ in k so that Cn is a primitive Z^-th root 

of unity, and so that = Cn-i- We define an action of the group Z" on B by 

11 11 
'^ii'^D = Cntr , and Tj{tJ^) = tj^ for i ^ j, where {ti,T2, . . . ,t„} is a set of 
topological generators for Z". 

Proposition 5.1 The l-completed K -theory groups of A and B are given by 

• K,A^AK,ki&l,02,---,0n) 

• K^B = K^k 

Proof: The first result is a direct consequence of the formula for the if-groups 
of a Laurent polynomial ring. The second also follows from this fact, together 
with analysis of the behavior of the l-th power map on a Laurent extension. □ 

We now may construct a representational assembly in this case as well, to obtain 
a representational assembly 

aL{l) : KRepu[G]^^ K'^{B)1 = KA^ = KA^ 

where the first equivalence follows from 13.41 and the second in an identical 
fashion to that in the proof of 14.31 

Proposition 5.2 0^(1) is an equivalence of spectra. 

Proof: We first consider the case n — 1, and the field F = k{{x)), where we have 
already done the analysis. It is immediate that the inclusion A F defined 
hy t ^ X extends to an equivariant homomorphism B —f E oi A;-algebras, and 
consequently that we get a commutative diagram 



KRepk[G\ 




KA KF 
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It is readily checked that the inclusion KA KF is a weak equivalence, and 
so that the horizontal arrow in the diagram is a weak equivalence. On the other 
hand, we have aheady shown that apil) is a weak equivalence of spectra, which 
shows that aL{l) is an equivalence. For larger values of n, the result follows by 
smashing copies of this example together over the coefficient ^-algebra K^:k. □ 

Remark 5.1 As in Remark 14.11 we believe that there is another proof of 

this result, this time following from the homotopy property of [32j . The idea 

would be to observe that the group action preserves the polynomial subrings 
1 1 

k[tY , ■ ■ - Ttn], and that a corresponding twisted polynomial ring should have 
i^-theory computable using Quillen's results. 

Now consider any geometric field F of characteristic zero, with Gp — Z", and 
let k be an algebraically closed subfield. It is a direct consequence of Kummer 
theory that there is a family of elements {ai, 012, . . . , a„} so that E ~ F can be 
written as 

^ = ■ ■ ■ ' 

n 

It is therefore further clear that we may define a A:-algebra homomorphism 
1 

i : B ^ E hy setting i{tj^) — 'y^, where is chosen as the choice of /"-th 

root so that the action of is via multiplication by (^n- It follows that we obtain 
a commutative diagram 



aL 




Since we now know that aLil) is a weak equivalence, it will now suffice to show 
that Ki is a weak equivalence of spectra. But the work of Geisser-Levine [15] 
shows that if the Bloch-Kato conjecture holds, then the /-completed version of 
the Bloch-Lichtenbaum spectral sequence converging to the algebraic iiT-theory 
has as its £'2-term an exterior algebra on generators in degree one, corresponding 
to the elements ai, 02, . . . , q;„, from which this result follows directly. 

Proposition 5.3 // the Bloch-Kato conjecture holds, then apil) is an equiv- 
alence of spectra for geometric fields of characteristic prime to I with finitely 
generated abelian separable Galois group. 
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6 Surjectivity on tti in the geometric case 



Let F be any field containing an algebraically closed subfield k, and suppose 
I is prime to the characteristic of k. We claim that the map aF{l) induces a 
surjection on tti. 

Proposition 6.1 For any field F, we have 

mi{KF)^)^iF*)^^ 

where the right hand term denotes the usual algebraic l-adic completion of the 
group F* . 

Proof: Since ttq{KF) ^ Z is a finitely generated abelian group, this result 
follows from Proposition 5.1 in Ch VI of [4]. □ 

Functoriality of the assembly construction now gives us a density result. 

Proposition 6.2 Suppose F contains an algebraically closed subfield k, and 
that I is prime to char{k). Then the image oj the homomorphism 

Mapil)) : TT.iKRepklG]^^) ^ MiKF)^^) - (F*)^ 

is dense in the profinite topology on (F*)^ . In 

Proof: It clearly suffices to prove that for any n and any element x £ F* /l"F*, 
there is an element ^ £ TTi{KRepk[G]^^) so that p{'^i{aF{l)){0) — where p 
is the projection F* F*/l"F*. In order to do this, we select ^ G F* so that 
p{x) = X. We next consider the extension IJ^^ F{xt^ of F. This extension is 
preserved under the action of the separable Galois group G, and therefore yields 
a particular topologically cyclic quotient of G, which we denote by Q. We note 
that Q is also a pro-/ group, and is therefore isomorphic to Z;. Select a particular 
identification : Q ~ Zi. Next, define a ring homomorphism A = k[t^^] F hy 
sending the variable t to x. Choosing a sequence of primitive Z"-th roots of unity 
^„ as in the beginning of Section [5l we extend this map to a ring homomorphism 

i : B = |Jfc[<±7^] F 

n 

via the requirement that t^"^ be sent to the unique Z^-th root of x on which the 
topological generator 6~^{1) acts by multipication by (n- It is now clear from 
the construction that the diagram 
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KFl 



where the vertical arrow is induced by the ring homomorphism A ^ F defined 
above. It was proved in Section [S] that ol^I) is an equivalence, hence induces 
an isomorphism on vri. The result now follows immediately. □ 

The actual surjectivity now follows from 

Proposition 6.3 The groups are Trt{KRepk[G]^^) are all l-complete. 

Proof: It follows from the definition of the derived completions that the derived 
completion is the total spectrum of a cosimplicial spectrum which in every level 
is a mod-Z Eilenberg-Maclane spectrum, hence is /-complete in the sense of [4]. 
It is standard that the total space of such a cosimplicial spectrum itself has 
Z-complete homotopy groups. □ 

7 Representational assembly in the geometric 
case 

Suppose now that we are in the case of a geometric field, i.e. a field F containing 
an algebraically closed subfield k. Let E denote the algebraic closure of F, and 
let G denote the absolute Galois group. As in the case of the example of the 
previous section, we have a composite functor 

RepklG] RepF[G] ^ V'^iF) V'^iE) 
and the induced map of completed spectra 

KRepk[G]^^ K^'iE)^^ - KF^^ 

We may ask whether this map is an equivalence as occurred in the case of the 
example in the previous section. In order to discuss the plausibility of this kind 
of statement, let us examine what occurs in the example, when G = Z;. In 
this case, woKRepklG] = Z[Q/Z]. This is a very large, non-Noetherian ring. 
However, after derived completion, we find that ttqK Repk[G]^^ = Zj. On the 
other hand, we have from Theorem 7.1 of [8] that TToKRepk[G]^^ is isomorphic to 
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the ordinary (not derived) completion of the ring R[G] at the ideal J — (1) + 1, 
where / denotes the augmentation ideal in R[G]. So the conclusion is that 
lim i?[G]/J" ^ Z( = (_R[G]//)f . The reason this happens is the following 

result about the ideal /. 

Proposition 7.1 We have that I/I^ is a divisible group, and that = I^^^ 
for all k. 

Proof: It is a standard result for any group G that in the group ring Z[G], the 
augmentation ideal I[G] has the property that I[G\/I[G\'^ = G°-^. Since Q/Z is 
abelian, we find that I = Q/Z, which is divisible. For the second statement, 
we note that is a surjective image of ///^ (8) . . . ® I/I^. But it is clear 

k factors 

that Q/Z (g) Q/Z = 0, so = 0. This gives the result. □ 

Corollary 7.2 We have that + — (/*'') + /. Equivalently, for any element 
9 G I, and any positive integers s and t, there is an rj G I and ji G I*' so that 

9 = l^T] + fl. 

Proof: We have 

((0 + I)*^ = E 1*1''-' = [l'') + I'^-^I + I\ 

But 17.11 implies that I'^-^I + P = I, which gives the result. □ 

It now follows that i?[G]/j'= ^ R[G]/ {I + {l'')) ^ Z/l''Z, and therefore that the 
completion of R[G] at the ideal J is just Z;. 

This result extends to torsion free abelian profinite groups. That is, any such 
group also has the property that if / is the augmentation ideal in the represen- 
tation ring, then J*^ = for k > 2, and that I / is divisible. However, for 
non- abelian Galois groups, there appears to be no obvious reason why such a 
result should hold, and indeed we believe that it does not. However, there is 
a modification of this statement which is true for absolute Galois groups and 
which suggests a conjecture which can be formulated for any geometric field. 

Recall that the representation ring of a finite group is not just a ring, but is 
actually a part of a Green functor. This was discussed in section [21 where there 
is a discussion of Mackey and Green functors. See [3 for a thorough discussion 
of these objects. A Mackey functor for a group G is a functor from a category 
of orbits to abelian groups. In the case of the representation ring, there is a 
functor TZ given on orbits by TZ{G/K) = The maps induced by projec- 

tions of orbits induce restriction maps on representation rings, and transfers 
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induce inductions. This functor is actually a commutative Green functor, in the 
sense that there is a multiplication map TZOTZ TZ, which is associative and 
commutative. Also for any finite group G, there is another Green functor Z 
given on objects by Z{G/K) = Z, and for which projections of orbits induce 
the identity map and where transfers associated to projections induce multi- 
plication by the degree of the projection. We may also consider Z/IZ, which 
is obtained by composing the fimctor Z with the projection Z 'L/l'L. The 
augmentation is the morphism of Green functors TZ ^ Z which is given on an 
object G/K by the augmentation of R[K]. The mod-l augmentation e is the 
composite TZ ^ Z ^ Z/IZ. The theory of Green fimctors is entirely parallel 
with the theory of rings, modules, and ideals. We may therefore speak of the 
augmentation ideal I and the ideal J = (l) + 1, as well as the powers of these 
ideals. We can therefore also speak of completion at a Green functor ideal. 
We also observe that the theory of Mackey and Green functors extends in an 
obvious way to profinite groups, by considering the category of finite G-orbits. 
We want to identify a class of profinite groups G for which 

7^f =lim TZ/J" 

is isomorphic to Zf" =Zi^ Z. 

Definition 7.3 Let G be a profinite group. We say G is totally torsion free if 
every subgroup of finite index has a torsion free abelianization. 

Example: Free profinite groups and free profinite Z-groups are totally torsion 
free. 

Exeimple: Free profinite abelian and profinite Z-abelian groups. 

Example: Let F denote the integral Heisenberg group, i.e. the group of upper 

triangular integer matrices with ones along the diagonal. Then the profinite 
and pio-l completion of F is not totally torsion free. 

Proposition 7.4 Let G be the absolute Galois group of a geometric field F. 
Let Gi denote the maximal pro-l quotient of G. Then Gi is totally torsion free. 

Proof: Consider any subgroup K of finite index in Gi. Then let E denote the 
extension of F corresponding to K. Then the abelianization of K corresponds 
to the maximal pro-Z Abelian extension of E. Let N' denote the partially or- 
dered set of positive integers. Define a functor $ from N' to abelian groups by 

$(n) = E*/{E*y , and on morphisms by $(m < m + n) = E*/{E*y ^ 
E*/{E*y . Let £ denote the direct limit over N' of Kummer theory then 
asserts the existence of a perfect pairing 
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if"'' X 5 ^ Q/Z 

So if'' = Hom{£,Q/'I,). The group f is clearly /-divisible, and it is easily 
verified that the Q/Z-dual of an /-divisible group is /-torsion free. □ 

We have the following result concerning totally torsion free profinite groups. 

Proposition 7.5 Let G be a totally torsion free l-profinite group. Then the 
natural map TZ'j^ —t Z'^ is an isomorphism. Consequently, for G the maximal 
pro-l quotient of the absolute Galois group of a geometric field, we have that 

Proof: We will verify that n^{G/G) Zj^iG/G) is an isomorphism. The 
result at any G/ K for any finite index subgroup will follow by using that result 
for the totally torsion free group K . It will suffice to show that for every finite 
dimensional representation p of G/N, where iV is a normal subgroup of finite 
index, and every choice of positive integers s and t, there are elements x G 
n{G/G) and y G l^G/G) so that [dimp] - [p] = l^'x + y. We recall Blichfeldt's 
theorem which asserts that there is a subgroup L of G/N and a one- 
dimensional representation p^ of L so that p is isomorphic to the representation 
of G/N induced up from p^. It follows that [dimp] — [p] = i^^^ {I — pl)- Let 
L denote the subgroup tt~^L C G, where tt : G ^ G/N is the projection, 
and let pj^ = pl o tt. Then we clearly also have [dimp] — [p] = — pj^). 

Now, 1 — /a^; is in the image of i?[i°^] R[L], and let the corresponding one- 
dimensional representation of be pj-ab . Since is abelian and torsion free 
(by the totally torsion free hypothesis), we may write 1 — pj-at = + rj, where 

r] e i*(L°'') and where ^ e R[L°'''], bv 17.21 This means that we may pull ^ 
and 77 back along the homomorphism L L°^, to get elements ^ S R[L] and 
rj S i*(i) so that p-^ — I'^S^ + rj. Since X* is closed under induction, we have that 
ij^irj) e T\G/G). Now we have that [dimp] - p = ij-{l - Pz) = P^i^ + ij^ri- 
The result follows. □ 

We recall the relationship between Mackey functor theory and equivariant stable 
homotopy theory. The natural analogue for homotopy groups in the world of 
equivariant spectra takes its values in the category of Mackey functors. The 
Adams spectral sequence and the algebraic to geometric spectral sequence have 
£^2-terms which are computed using derived functors of Hom and D-product, 
which we will denote by Ext and Tor as in the non-equivariant case. We will now 
observe that the constructions we have discussed are actually part of equivariant 
spectra. 

Proposition 7.6 For any profinite group G, there is a stable category of G- 
spectra, which has all the important properties which the stable homotopy theory 
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of G-spectra for finite groups has. In particular, there are fixed point subspectra 
for every subgroup of finite index as well as transfers for finite G-coverings. 
The "torn Dieck" filtration holds as for finite groups. The homotopy groups of a 
G-spectrum form a Mackey functor. Moreover, the homotopy groups of a G S- 
algebra are a Green functor, and the homotopy groups of a G-module spectrum 
are a module over this Green functor. 

Proof: For any homomorphism f : G ~> H oi finite groups, there is a pullback 
functor /* from the category of ff -spectra to the category of G-spectra. Hence, 
for a profinite group g, we get a direct hmit system of categories parametrized 
by the normal subgroups of finite index, with the value at N being the category 
of G/-/V-spectra. A G spectrum can be defined as a family of spectra Sn in the 
category of G/7V-spectra, together with isomorphisms 

{G/N,-^G/N2nSN,)^SN,. 

This general construction can be made into a theory of G spectra with the 
desired properties. □ 

Proposition 7.7 Let F be a field, with E its algebraic closure, and G the ab- 
solute Galois group. Then there is a G-S-algebra with total spectrum K(G,E), 
with fixed point spectra K{G,E)^ = K^{E). The attached Green functor is 
given by 

G/L -> Tr,K{G, E)^ = tt,K^{E) = K,{E^). 

Similarly, there is a G-S-algebra with total spectrum K{G,F), and with fixed 
point spectra K{G,F)^ = K^{F) = KRepriL]. (Note that the G-action on F 
is trivial.) In this case, the associated Green functor is given by 

G/L -> 7T,K{G, F)^ = TT^K^iF) = K^RepF[L] 

In the case when F contains all the l-th power roots of unity, we find that 

the Mackey functor attached to K{G,F) is ku^ (g) TZ. The functor E ® — 

F 

induces a map of G-S-algebra K{G,F) ~f K{G,E), which induces the functors 
of Proposition \3. 7| on fixed point spectra. 

Proof: This result is essentially a consequence of the equivariant infinite loop 
space recognition principle |40j . □ 

We also recall the results of [21] , where it was shown that in the category of G- 
equivariant spectra, there is an Eilenberg-MacLane spectrum for every Mackey 
functor. We will let TCi denote the Eilenberg-MacLane spectrum attached to 
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the Green functor ZjlZ. Derived completions of homomorphisms of 5- algebras 
are defined as in the non-equivariant case. 

Proposition 7.8 Let F be a geometric field, with the algebraically closed sub- 
field k. There is a commutative diagram of G-S -algebras 

K{G,k) ^ K{G,E) 



Hi 

where the maps e are given by "dimension mod I " . Consequently, there is a map 
of derived completions 

a^^P ■.K{G,k)^^~.K{G,E)^^ 

It follows from the equivariant algebraic to geometric spectral sequence that 
TToK{G, k)!f:^ = 7?.f, and by Proposition 17.51 this is isomorphic to Zf", which is 
in turn isomorphic to the Green functor ■kqK{G, E). This makes plausible the 
following conjecture. 

Conjecture 7.9 Let F be a geometric field. The representational assembly map 

a^^^ ■.K{G,k)^^-.K(G,E)(^^ 

is an equivalence of G-S-algebras. On G-fixed point spectra, we have an equiv- 
alence of S-algebras 

{a^^Pf : {K{G, fc)^^, f ^ {K{G, E)^^ f - K{E^) - KR 

8 Representational assembly in the twisted case 

In the case of a field F which does not contain an algebraically closed subfield, 
it is not as easy to construct a model for the i^T-theory spectrum of the field. 
As usual, let F denote a field, E its algebraic closure, and G its absolute Galois 
group. We observe first that for any subfield oi F' C E which is closed under 
the action of G, we obtain as above a diagram 
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E(g) 

K{G,F') K{G,E) 
and consequently a map 

We may conjecture (as an extension of Conjecture 17.91 above) that this map is 
always an equivalence, and indeed we believe this to be true. In the case when 
F' is algebraically closed, we believe that the domain of the map has what we 
would regard as a simple form, i.e. is built out of representation theory of G over 
an algebracially closed field. In general, though, the X-theory of the category 
V'-^{F') may not be a priori any simpler than the X-theory of F. However, 
when F' is a field whose if-theory we already understand well, then we expect 
to obtain information this way. In addition to algebraically closed fields, we 
have an understanding of the if-theory of finite fields from the work of Quillen 
[55] . So, consider the case where F has finite characteristic p, distinct from I. 
We may in this case let F' be the maximal finite subficld contained in F, which 
is of the form Fg, where q = for some n. In this case we have, in parallel 
with Conjecture 17.91 

Conjecture 8.1 For F oj finite characteristic p ^ I, with¥q the maximal finite 
subfield of F, the map 

KiG,T,)^^^K{G,E)^^ 
is an equivalence of G-S -algebras. In particular, we have an equivalence 

{K{G,W,)^f ^ K{G,E)^^= KF 

We now argue that this is a reasonable replacement for Conjecture 17.91 in this 
case. We note that the fixed point category of V{G, Fg) is the category V'^{¥q) 
of linear descent data. We have the straightforward observation 

Proposition 8.2 For any finite group G acting on ¥q by automorphisms, the 
category of linear descent data V'~^{¥q) is equivalent to the category of left mod- 
ules over the twisted group ring Vq (G) . Similarly, for a profinite group G acting 
on ¥q, we find that the category of linear descent data is equivalent to the cate- 
gory of continuous modules over the twisted group ring ¥q (G) . 
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Note that for finite G, Fg(G) is a finite dimensional semisimple algebra over Fp, 
so it is a product of matrix rings over field extensions of Fp. Consequently, we 
should view its if-theory as essentially understood, given Quillen's computations 
for finite fields. For this reason, we regard the above conjecture as a satisfactory 
replacement for Conjecture 17.91 

In the characteristic case, though, we have more difficulties, since in this case 
we do not know the K-iheoiy of the prime field Q. Indeed, we would like to 
make conjectures about the if-theory of Q involving the representation theory 
of Gq. We do, however, thanks to the work of Suslin [32^, understand the 
K-iheoiy of the field Qp and "Lp where p ^ I. 

Theorem 8.3 (Suslin; see [42]) Let K denote any finite extension of Qp, 
and let Ok denote its ring of integers. Let (tt) denote its unique maximal ideal. 
The quotient homomorphism Ok — > Ok/t^Ok induces an isomorphism on l- 
completed K-theory. 

Now, suppose we have any field F containing Qp and the l-th roots of unity, and 
let E denote its algebraic closure. Let L he [J^Qp{Cl7^) (- E , so L C- F . i is of 
course closed under the action of the absolute Galois group G ~ Gp- By abuse 
of notation, we will write V{G, Ol) for the category of twisted G — Oi-modules 
over Ol, i-e. finitely generated Oi-modules M equipped with a G-action so 
that g{rm) = r^g{m) for all r G Ol, rn £ M, and g G G. The following is an 
easy consequence of Theorem 18.31 above. 

Proposition 8.4 The functor V{G,Ol) V{G,Ol/ttOl) induces an equiva- 
lence K^Ol K^Ol/ttOl- 

Since Ol/t^Ol is a semisimple algebra over a finite field, we will regard it as 
an understood quantity. This means that in this case, we also have a version of 
the representational assembly via the diagram 

E <s 

[K^OlI^Ol)^, {K^Ol)^, — {K^E)!^^^KF 

This kind of result extends to the case where F contains a Henselian local ring 
whose residue class field is algebraic over a finite field. 

9 The ascent map and assembly for the case 

jj,ioo C F 

The constructions of the Section [7| provide explicit maps from derived com- 
pletions of spectra attached to representation categories of the absolute Galois 
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group G of a field F to KF. However, they only apply to the geometric case, 
i.e. where F contains an algebraically closed subfield. We believe, though, that 
the statement relating the i^-theory of the field to the derived representation 
theory of the absolute Galois group should be true for all fields containing the 
l-th power roots of unity. The purpose of this section is to develop a criterion 
which when satisfied will produce an equivalence between these spectra. The 
criterion will involve a map which we call the ascent map. The terminology 
"ascent" refers to the fact that the method gives a description of KE coming 
from information about KF, rather than describing KF in terms of KE, as is 
done in the descent. In the interest of clarity, we will first describe the approach 
as it works in the abelian case, where it is not necessary to pass to the generality 
of Mackey and Green functors, and then indicate the changes necessary when 
wc deal with the more general situation. Finally, we suppose that F contains all 
the ^-th power roots of unity, and as usual we let E denote the algebraic closure 
of F and G denote the absolute Galois group of F. 

Consider the forgetful functor V'^{E) V{G,E) = Vect{E), which simply 
forgets the G-action. It induces a map 



KF ^ K'^iE) ^ K{G, E) ^ KE. 
We now have a commutative diagram 



KRepF[G] A K^{E) K^{E) 



eAid 

KFAK^{E) 

idAK<l> 



KFAKE 



K<j> 

KE 



KE 



of spectra, where the horizontal maps are multiplication maps defining algebra 
structures, and where the vertical maps are built out of the augmentation map e 
and the forgetful functor (p. Note that the middle horizontal map exists because 

£ is induced by the forgetful fmictor Repp[G] Vect{F) which forgets the G 
action. Considering the four corners of this diagram, we obtain a map of spectra 



ascF : KF A K^(E) — > K(G, E) ^ KE. 

KRepF[G] 

It is readily verified that ascp is a homomorphism of commutative ^-algebras. 
We note further that both sides of this map are ii'F-algebras, and that ascp is 
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a homomorphism of /sTF-algebras. As usual, let H denote the mod-Z Eilenberg- 
MacLane spectrum, so we have an obvious morphism KF ^ H of ^-algebras. 
We will now explore the consequences of the hypothesis that the homomorphism 



idm A KF A K^(E)=m A K^(E)^M A KE 

KF KRepF[G] KRepplG] KF 

is a weak equivalence. 

For any homomorphism of S'-algebras f : D ^ E, we let T'{D E) denote the 
cosimplicial S-algebra given by 



T^iD^ E) =E AE A--- AE 

D D D 



fc+1 factors 

so Tot{T'{D E)) = D^.. Now suppose that D and E are both fc-algebras, 
where fc is a commutative S'-algebra, and that we are given a homomorphism 
fc ^ H. We can now construct a bisimplicial spectrum S" = S" {D ^ E^k ^M) 
by setting 



E'='=HAHA---AHA T\D E). 



k+i factors 

Proposition 9.1 Suppose that k, D, and E are all {—!)- connected, and that 
TTflfc = ttqE = Z. Then Tot{Y,") ^ D^^^, where e is the composite D E 

k 

M. A E. If in addition, ttqD = Z, then TotCE") is equivalent to the l-adic 

k 

completion of D. 



Proof: The diagonal bisimplicial spectrum is canonically equivalent to the 
cosimplicial spectrum T'{D E A H). By use of the Kiinneth spectral se- 

k 

quence, it is clear that i? A EI is (-1) connected and that 'KqE A H = Fj. The 

k k 

first result now follows from Theorem 6.1 of [8]. The second follows immediately 
from Theorem 3.2, item 4 of [8]. □ 

Whenever we have a commutative diagram 

A B 



A' B' 
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of fc- algebras, we have an induced map 



Now suppose wc have two fc- algebra homomorphisms A ^ B and A C, so 
that each of the composites k ^ A ^ B and k ^ A ^ C are weak equivalences. 
We then obtain a commutative diagram of commutative fc-algebras 



B 



B AC AA 

A k 



BAG 

A 



BAG. 

A 



The upper horizontal arrow and the left hand vertical arrow are obvious inclu- 
sions, the right hand arrow is the identity, and the lower horizontal arrow is the 
multiplication map obtained by regarding i? A C as a right module over the 

fc-algebra A. We consequently obtain a map of bicosimplicial fc-algebras 



BAG) 

A ' 



e-(bagaa 

A k 



BAG). 

A ' 



Proposition 9.2 Under the hypotheses above, i.e. that k ^ B and k ^ G 
are weak equivalences, this map of bicosimplicial k-algebras is a levelwise weak 
equivalence, and hence induces an equivalence of total spectra. 

Proof: There is a commutative diagram 



B AT(A- 

A ^ 



C) 



BAT{G AA 

A k 



G) 



T{B 



BAG) 

A ' 



TiB AG AA 

A k 



BAG) 

A ' 



where the horizontal arrows are levelwise weak equivalences. This follows from 
the standard isomorphism 



B A(C AG A 

A A A 



A G) 

A 



(BAG) A (BAG) A 

A ' A ' B 



k factors 



k factors 



A(B AG). 

B^ A ' 
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It now follows that the map T' {A ^ C) ^ T' (C /\ A C) is a levelwise weak 

k 

equivalence, since the composite 

A'^kAA — >CaA 

k k 

is a weak equivalence. Applying the functors 

HAHA---AHA- 



k factors 

to this equivalence, we obtain the result for S". □ 

We now examine the consequences of this result in our case. The spectra will 
be A: = KF, A = KRepF[G], B = K^{E), and C = KF, viewed as an A- 
algebra via the augmentation which forgets the action. This data clearly satisfies 
the hypotheses above. If idji A ascp is a weak equivalence, then the arrow 

K F 

B ^ B /\C can be identified with the arrow K'^{E) K{G, E), which in turn 
can be identified canonically with the arrow KF — > KE. It follows that 

Tot{Y,-{B ^ B AC))^ Tot{Y,-{KF ^ KE)) = KFf 



On the other hand. 



J:-(B AC A A^ B AC)^ 

A k A 



^■■(^^ ..^ ^""(^^ A K^^P^iG] -> KF A K^iE)) 

KRepplG] KF KRepplG] 

and ascp induces a map of bicosimplicial spectra 

T.-(KF A K'^(E) A KRepplG] ^ KF A K^{E)) — > 

KRepF[G] KF KRepF[G] 

Y, -{KE A^ KRepF[G] -> KE). 

By Proposition 3.2, item 2 of [8], if idm A^ ascF is a weak equivalence, this map 

of bicosimplicial spectra is a weak equivalence. The natural homomorphism 
KE A^ KRepF[G] KRepE[G] now induces another map of bicosimphcial 
spectra 

J: -{KE a KRepF[G]^ KE) — > T, ' {K RepsiG] ^ K E). 

KF 



We now have 



Proposition 9.3 When all l-th power roots of unity are in F, the evident map 
KRepF[G] A^ KE — » KRepE[G] is a weak equivalence. 



32 



Proof: It is a standard fact in representation theory that for any field F which 
contains the l-th power roots of unity, the isomorphism classes of representations 
of any finite Z-group are in bijective correspondence with the isomorphism classes 
of representations of the same group in C. Moreover, the endomorphism ring of 
any irreducible representation is a copy of F. We therefore have isomorphisms 

7T^KRepF[G] ^ K^F ® R[G] 

and 

TT,KRepE[G] ^ K,E ® R[G]. 

where R[G] denotes the complex representation ring. The £'2-term of the 
Kiinneth spectral sequence for TT^,KRepF[G] A KE now has the form 

KF 

TorK,F{K,F (g) R[G],K,E) = K^RepsiG] 

which gives the result. □ 
We now have the following conclusion. 

Theorem 9.4 Suppose that F contains all the l-th power roots of unity. Sup- 
pose further that id^ A ascp is a weak equivalence. Then we have a weak 

K F 

equivalence 

KFC = KRepE[G]^KE- 
We observed in Section [7] that wc did not expect to have an equivalence 

KF ^ KRepu[G\^ 

as stated except in the abelian case, but that there is an analogous "fully equiv- 
ariant version" involving equivariant spectra and Green functors which we ex- 
pect to hold in all cases. This suggests that we should not expect the ascent 
map as formulated above to hold except in the abelian case. However, it is 
possible to modify the ascent map to extend it to the fully equivariant version 
of the completion, and we indicate how. 

We fix the group G = Gp, and we define various equivariant S'-algebras. We 
let KV denote the equivariant spectrum obtained using the category of descent 
data described above. For any subgroup H C G, the fixed point spectrum KV ^ 
is equivalent to the if-theory spectrum K{E^). For any field F, we let KRepp 
denote the equivariant spectrum corresponding to the trivial action of G on F, 
so for any H C G, we have that KRepp^ = KRepp[H]. Also for any field 
F, we will write KF for the equivariant spectrum KF A 5*°, where denotes 
the G-equivariant sphere spectrum. We have that KF ^ = KF A G/H^ for 
any subgroup of finite index H (- G. Finally, we let denote the G-spectrum 
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associated to the Green functor ZjlZ described above in section [T] We note 
that there is an obvious homomorphism of G-equivariant S'-algebras KF — > . 
We can easily verify that there is a natural analogue of the ascent map in this 
equivariant setting, i.e. a map of G-equivariant S'-algebras ascp ■ KF A 

KRepF 



KV KE We now have the following equivariant generalization of 19.41 whose 
proof is identical to the nonequivariant version given above. 

Theorem 9.5 Let F, E, and G be as above. Suppose further that the map of 
equivariant spectra 

idn, A ascF : Hi A KV ^ Hi A KE 

KF KRepF KJl 

is a weak equivalence of spectra. Then there is a canonically defined equivalence 
of G-equivariant S -algebras 

KV^,^ KRepE !^, 

Note that the fixed point sets of the equivariant spectrum KV ^. are just the 
l-adic completions of the K-theory spectra of the corresponding subfields. 

Remark: We expect that the equivariant map id-u^ A ascp will be an equiv- 
alence for all fields containing all the l-th power roots of unity. 

Remark: The above discussion could be a reflection of an interesting conver- 
gence theorem within homotopy theory (see [30| or [31] for treatments of 
this construction). We suppose that A-'^ homotopy theory has been extended 
to an equivariant theory for the action of profinite groups. We further suppose 
that algebraic ii'-theory has been extended to a fully equivariant cohomology 
theory K'~^ on this equivariant category, where by "fully equivariant" we mean 
a theory which admits deloopings with respect to arbitrary continuous linear 
representations of a fixed profinite group G. Let F be a field, E its separable 
closure, and suppose G = Gf is its separable Galois group. We let the group 
r = G X G act on E by projection on the first factor. We let Go = {e} x G C F, 
and let A denote the diagonal subgroup in F. We consider the square 

Spec{E) X F Spec{E) x F/A 



Spec{E) X F/Go Spec{E) 

of pro-schemes, where the sets F, F/A, and F/Gq are all regarded as discrete 
pro-shemes. If this square is a homotopy puUback square in the equivariant 
category, and if the Eilenberg-Moore spectral sequence associated to the equiv- 
ariant cohomology theory K^ converges, then this would confirm the hypotheses 
of the theorems above. 
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10 Derived representation theory and deforma- 
tion iC-theory 



So far, our understanding of the derived completion of representation rings is 
limited to knowledge of spectral sequences for computing them, given informa- 
tion about Tor or Ext functors of these rings. In this (entirely speculative) 
section, we want to suggest that there should be a relationship between derived 
representation theory and deformations of representations. 

We consider first the representation theory of finite Z-groups G. In this case, the 
derived representation ring of G is just the /-adic completion of R[G], as can be 
verified using the results of Atiyah 1 . In particular, the derived representation 
ring has no higher homotopy. However, when we pass to a profinite ^-group, such 
as Z;, we find that the derived representation ring does have higher homotopy, 
a single copy of in dimension 1. This situation appears to be parallel to 
the following situation. Consider the infinite discrete group F = Z. We may 
consider the category i?epc[r] of finite dimensional representations of F, and its 
ii'-theory spectrum KRepc[T]. The homotopy of this spectrum is given by 

T:^KRepc[T] = Z[S^] ® 

where is the circle regarded as a discrete group. This isomorphism arises 
from the existence of Jordan normal form, which (suitably interpreted) shows 
that every representation of F admits a filtration by subrepresentations so that 
the subquotients are one-dimensional, and are therefore given by multiplication 
by a uniquely defined non-zero complex number. This construction does not 
take into account the topology of C at all. We might take the topology into 
account as in the following definition. 

Definition 10.1 Consider any discrete group F. For each k, we consider the 
category i?epp[F] whose objects are all possible continuous actions o/F on A[fc] x 
V which preserve the projection tt : A[fc] x V ^ A[k], and which are linear on 
each fiber of n. It is clear that the categories Repl^[r] fit together into a simpli- 
cial symmetric monoidal category, and we define the deformation X-theory 
spectrum of F, K'^'^^\r], as the total spectrum of the simplicial spectrum 

k-.KRep'llT]. 

Remark: The terminology is justified by the observation that, for example, an 
object in the category of 1-simplices i?ep^[F] is exactly a path in the space of 
representations of F in GL{V), or a deformation of the representation dXQxV . 

One can easily check that t:qK'^'^^\L] = Z, with the isomorphism given by send- 
ing a represenatation to its dimension. This follows from the fact that any 
two representations of the same dimension of Z can be connected by a de- 
formation. In fact, one can apply the functor ttq levelwise to the simplicial 
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spectrum KRep'i^[Z], and attempt to compute the homotopy groups of the sim- 
pHcial abeHan group k TToKRep^[li]. As above, it is easy to see that ttq of 
this simpUcial abehan group is zero, and it appears hkely that 

TT^i-KoKRepciZ]) = 7r,Z[S'^] ^ H,{S^) 

where is the circle regarded as a topological group. Note that is the 
character group of the original discrete group Z. 

Now consider the profinite group Z;. We may define the deformation A'-theory 
of this group as the direct limit of its finite quotients, and in view of the rigidity 
of complex representations of finite groups we have that 

We have an inclusion Z ^ Zi, and therefore a map of spectra K'^'^f[Zi] 
K'^'^f\L]. We now obtain a composite map of derived completions 

KRepMw ^ K'^^lHw — K'^^m^ 

where EI denotes the mod-^ Eilenberg-MacLane spectrum, regarded as a module 
over the deformation A'-theory via the map which takes any representation 
to its dimension mod I. Since the homotopy groups on the two sides appear 
isomorphic, it appears likely that this composite is a homotopy equivalence. We 
now observe that for any discrete group F, we may consider its pro-^ completion 
rp, and obtain a map Ari?epc[rf] — > K'^'^f\r]. This map induces a map j of 
derived completions, and we ask the following question. 

Question: For what discrete groups does the map j induce a weak equivalence 
of spectra after derived completion at the augmentation map e : K'^'^f [F] KC! 
Note that the completion may have to be taken in the category of F^-equi variant 
spectra. 

We can further ask if the effect of derived completion can be computed directly 
on the pro-Z group, rather than by permitting deformations on a discrete sub- 
group. This cannot be achieved over C since representations of finite groups are 
rigid, but perhaps over some other algebraically closed field. 

Question: Can one construct a deformation AT-theory of representations of a 
pro-Z group G, using an algebraic deformation theory like the one discussed in 
[29] . so that it coincides with the derived completion of KRepc[G]? 

We conclude by pointing out an analogy between our theory of the representa- 
tional assembly and other well known constructions. Consider a A'(F, 1) mani- 
fold X. The category VB{X) of complex vector bundles over X is a symmetric 
monoidal category, and we can construct its AT-theory. On the other hand, we 
have a functor from the category of complex representations of F to VB{X), 
given by 

p^iXxp^X) 
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where X denotes the universal covering space of X. This functor produces a 
map of /sT-theory spectra. It is also easy to define a "deformation version" of 
KVB{X), and one obtains a map 

K'^^fiT]^ K'^^'^VBiX). 

This map should be viewed as the analogue in this setting for the representa- 
tional assembly we discussed in the case of /^-theory of fields, using the point of 
view that fields are analogues of K{G, 1) manifolds in the algebraic geometric 
context. 
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